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The ratio of dWa/dt to dWf/dt is
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Fig. 4 Liquid-core nuclear rocket: spray concept.

are of this order; therefore, this restriction will probably be
only of academic interest.

It has been assumed in these calculations that the partial
pressure of fission fuel in the rocket pressure chamber is equal
to the liquid's vapor pressure. This may not be the case if
the liquid surface is incapable of producing vapor at the rate
fission fuel is exhausted through the nozzle.

Kinetic theory yields an expression for the rate matter
leaves the liquid surface3:

where A is the fission fuel surface area plus an area term due
to the bubble surfaces, and Pa is the actual fuel partial pres-
sure.

The rate mass is exhausted from the nozzle:

dWf __ total fission fuel exhausted through nozzle
dt rocket operating time

This may be expressed as

F

F L(7 - DH-AT/J Uv
At equilibrium vapor pressure, this ratio equals one. An
estimate of P//Pa may be made by assuming that, if Mf ~
102, (M) ~ 2, A ~ 10 ft2, Pc ~ 103 psi, F ~ 105 Ibf, then
Pa = \Pf. Since the maximum specific impulse occurs when
Pf/Pe is about 10 ~3, the use of Pf vice Pa will make a neg-
ligible difference in the specific impulse maximum.

Several materials and engine designs have been considered,
and it appears that the maximum specific impulse of the
liquid-core nuclear rocket will be in the range of 1200 to
1400 sec.
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A Uniqueness Theorem for the Nonlinear
Axisymmetric Bending of Circular

Plates

EDWARD L. REISS*
Courant Institute of Mathematical Sciences,

New York University, New York, N. Y.

1. Introduction

IN this note, the nonlinear axisymmetric bending of circular
plates is considered within the scope of the von Kdrmaii

theory.1 It is assumed that the plate is deformed by a sym-
metrically distributed pressure applied normal to one face.
For a variety of boundary conditions along the edge of the
plate, the von Kdrman equations reduce to a coupled pair of
second-order nonlinear ordinary differential equations. The
uniqueness theorem given in Ref. 2 for the solution of one of
these boundary value problems is valid only for a limited range
of parameters. Morosov's3 uniqueness theorem is established
with the aid of the Hildebrand-Graves theorem.

In this paper, an "elementary" proof is given of the unique-
ness of the symmetric solutions of von Karm&n's equations.
For simplicity, only one set of boundary conditions is con-
sidered. However, with suitable modifications, uniqueness
for other boundary conditions can also be proved. First, the
boundary value problem is cast in a form similar to that used
by Friedrichs and Stoker4 for the buckling of circular plates.
The uniqueness proof then follows directly from the form of
the potential energy functional.
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2. Formulation

Consider a circular plate of thickness t and radius R, which
is subjected to a lateral pressure p that varies only with the
radial coordinate r. The assumption of axisymmetric defor-
mations implies that the radial and circumferential membrane
stresses o> and ae and the radial and lateral displacements u
and w are functions of r only. The dimensionless variables
x, y(x), and z(x) are denned through the relations

x = r/R

y(x) = -[12(1 - v*)]V*(R

[-12(1 - v*)/E](R/Q*<rr(r) = z(x)

[-12(1 - v*)/E](R/f)*(re(r) =

(1)

where v and E are Poissonrs ratio and Young's modulus. In
terms of these variables,! the von K£rma~n equations are

Gy(x) — —y(x)z(x) — P(x) (2a)

Gz(x) = %y\x) (2b)

Here G is the linear differential operator:

G EES (l/x*)(d/dx)x*(d/dx)
and the "loading" function P(x) is given by

[12(1 - v* (-Y- f\ < / x2JoP(x) =

To complete the formulation, conditions are required at the
center, x = 0, and the edge, x •= 1. Symmetry and regularity
of the solutions at the origin imply that

,(0) = a,(0) = 0 (3)

where a subscript indicates differentiation. At the edge, a
variety of conditions may be imposed. For simplicity of
presentation, only the following condition is considered:

= 0 (4)

This implies, from Eq. (1), that the edge is clamped and the
radial stress there vanishes. With slight modifications
analysis applies to other edge conditions, e.g., clamped with
zero radial displacement, simply supported with zero radial
stress, and simply supported with zero radial displacement.

Equation (2b) is integrated and Eq. (3) is used to obtain

- - r2z3Jo (5)

Then z(x) is given, with the aid of (5), as a functional of y(x)
by the relation

(6)

The boundary value problem B is formulated as follows: find
a function y(x) that possesses a continuous second derivative
and satisfies the differential equation (2a) and the boundary
conditions

2/*(0) = y(l) = 0 (7)
The function z(x) in Eq. (2a) is defined by Eqs. (5) and (6).
These equations imply that z(x) satisfies Eq. (2b), 2^(0) = 0,
and 0(1) = 0. Hence, the boundary value problem B is
equivalent to that defined by Eqs. (2-4). The formulation
presented here is analogous to the one introduced by Fried-
richs and Stoker in their study of the buckling of circular
plates4; see also Wagner.5

f The independent variables a(x) and y(x) in Ref. 2 are given
by OL(X) = xy(x) and j(x) = xz(x).

The total potential energy can be written as a constant
multiplying the functional

V[y(x)} = \y,*(x) (8)

where zx(x) is defined in Eq. (5). Wagner5 has shown, under
suitable admissibility conditions on y(x), that V has a mini-
mum, and that the function that minimizes V possesses a
continuous second derivative and solves B.

3. Uniqueness Theorem

Let y°(x) be any solution of B. Let y(x) be any other func-
tion with a continuous second derivative that satisfies the
same boundary conditions as yQ(x). If y*(x) is defined by the
relation

y(x) = y*(x)
it then follows from Eq. (8) and the condition that y° is a
solution of B; that

V[y] - V[y°] =

Here,

(zx

(9a)

(9b)

It then follows from Eq. (9) and the positiveness of zx° and
zx* that,

V[y] - V\y°] > 0 (10)
Here, the equality holds if and only if y*(x) = 0, i.e., y(x) =

It is now possible to state our uniqueness theorem: there is,
at most, one function that solves B. To prove this result, it is
assumed that there are two solutions, y\x) and yl(x), of B.
It then follows from Eq. (10) that

V[yl(x)\ >
and

This implies that V[yl(x)] = V[y°(x)] and hence, y°(x) =
y1(x), and the theorem is thus proved.

4. Remarks

The technique of proof presented here may also be appli-
cable to other nonlinear boundary value problems, e.g., we
have obtained a related uniqueness theorem for the sym-
metric deflections of circular membranes using the nonlinear
Foppl theory. If unsymmetric solutions are permitted, then
according to Ref. (6) there may be boundary conditions for
which the von Karman equations do not have a unique solu-
tion.
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Low-Frequency Acoustic Oscillatory
Combustion
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A description is made of a large, double-end
burner that is used for the study of low-frequency
combustion instability. Also described are the
techniques applied and some results obtained by the
use of the system.

Introduction

OSCILLATORY combustion is a problem that has fre-
quently been encountered in the development of solid pro-

pellant rockets. Accordingly, techniques were developed (for
example, Refs. 1-4) whereby oscillatory combustion was
studied on a laboratory scale in self-excited systems. Sub-
sequently, techniques have been developed whereby exter-
nally excited systems are used to study the more stable pro-
pellants.5'6

In general, the foregoing techniques have been suitable
for studying either the higher acoustic (above 500 cps) fre-
quencies or nonacoustic frequencies. Because of advances
in the state of the art, larger motors are now being built.
Although a great deal has been learned about acoustic oscilla-
tory combustion in the smaller motors (which exhibit higher
frequencies), there is virtually nothing known about acoustic
oscillatory combustion at the low frequencies that are of
concern in large motors. There has been no laboratory test
that would reveal the information, nor has it been gained from
motor firings, as they have not yet been made.

Knowledge gained through the trial-and-error methods of
development programs is not only extremely costly and time
consuming, but it is also generally inadequate for research
purposes, and, accordingly, new techniques have been de-
veloped.7-8 With these techniques, it is possible to study
acoustic oscillatory combustion in the 5- to 120-cps range with
all propellants. This paper is devoted to a discussion of the
test burner, techniques, and results obtained.

Apparatus
The burner employed (see Fig. 1) is a 5 J-in.-i.d. cylindrical

steel tube that is segmented so that it may be used in lengths
of 12, 24, 36, 48, or 60 ft. Propellant grains 5|-in. o.d. and
usually 1-in. thick (about 2 Ib) are used in the burner. The
grain is cemented into the end of the burner with epoxy resin.
In a given test a single grain may be used in one end of the
burner, or grains may be placed in both ends of the burner.
Ignition is accomplished by means of an electrically heated
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Fig. 1 Test burner used to evaluate a propellant for low-
frequency, oscillatory combustion.

bridge-wire that ignites a pyrotechnic paste spread on the
propellant surface and coated on the wire.

The rather simple instrumentation consists of two channels.
The main channel is a low-frequency-response pressure trans-
ducer whose output signal is recorded on a galvanometer os-
cillograph. Also recorded on the oscillograph is the ampli-
fied and filtered output signal from a high-frequency-response
pressure transducer. This latter channel largely performs a
"back-up" function for the former channel. Information
concerning the pressure-time history (including the pressure
oscillations) is taken from the oscillograph record.

Techniques

Depending upon the information desired from the test
and the nature of the propellant, there are three types of ex-
perimental techniques that are employed. These involve
tests that probe the pressure-frequency spectrum for areas
of self-excited instability, tests that yield the types of quan-
titative data which were previously obtained only at higher
frequencies,9 and tests of propellants that are stable in the sys-
tem so that the propellants may be rated as to their degree of
stability.

The exploratory type of test is performed by firing the test
in an unvented burner. Following ignition, the closed system
increases in pressure until the propellant is consumed. The
test will show if, over the pressure range tested and at the
characteristic frequency of the burner, the propellant com-
bustion will generate acoustic pressure oscillations in the sys-
tem. When it is desired that the rate of pressurization in the
burner be small, a small bleed or "pseudo-nozzle" is placed
midway between the burner ends. Figure 2 shows a record
from a test of this nature. By the use of the various burner
lengths, the low-frequency end of the spectrum can be probed
systematically.

Using the burner, one can also extend to lower frequencies
the data that characterize the degree of instability of the pro-
pellant, In order to obtain these data, it is necessary that
the system be brought to pressure rapidly after ignition and
that the oscillations be allowed to grow spontaneously.
Because of large free volume and high heat transfer, the sys-

Fig. 2 Portion of a test record obtained from a firing in the
sealed burner. The propellant employed showed a marked
selectivity in the conditions under which it would oscillate.


